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String Theory has no Isotropic Solution for the Modified Einstein’s Equations
without the Dilaton
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We investigate the modification to Einstein’s vacuum field equations which is imposed
by string theory when the dilaton field is ignored. Including the cosmological constant
in all calculations, we prove that such a theory of gravity admits no static isotropic
solution. We then show that any isotropic solution of the equations in question must
necessarily be static, therefore proving that no isotropic solution exists for this stringy
modification to gravity.
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I. INTRODUCTION
In general relativity, one of the most powerful results is the existence of a static isotropic
solution for Einstein’s field equations — the well known Schwarzschild metric — which
remains valid even when the static requirement is dropped. This extension is widely known
as Birkhoff’s theorem after Birkhoff presented it in his book1, although it was first discovered
by Jebsen3,7. The isotropic solution to Einstein’s equations is so useful that for any proposed
modification of general relativity, we would like to know its analog. .
String theory proposes one modification to general relativity. In the well known text of
Green, Schwarz, and Witten6, the modified Einstein’s equations are given to be
Rµν + λRµκρτ R
κρτ
ν = O(λ
2) , (1)
where λ ∼ 10−70 m2 is proportional to the inverse string tension10 α′. Though leaving out
the dilaton field (which is not allowed5), these equations are nonetheless interesting to study.
We will examine a generalization of (1) which includes the cosmological constant:
Rµν − gµν Λ + λRµκρτ R
κρτ
ν = O(λ
2) . (2)
Obviously, any conclusions we make regarding (2) apply also to (1) upon setting Λ = 0 .
In this paper, we prove that (2) has no isotropic solution. We obtain this result by first
attempting (and showing that it is impossible) to find a static isotropic solution to these
equations; following the standard method9 used to find the Schwarzschild solution in general
relativity works well for this step. Then we prove that any solution of (2) which is isotropic
must necessarily be static, thus completing our proof.
II. NO STATIC ISOTROPIC SOLUTION
To prove (2) admits no static isotropic solution, we plug the most general such metric9
ds2 = −B(r) dt2 + A(r) dr2 + r2 dθ2 + r2 sin2 θ dφ2 (3)
2
into the left side of (2). Only the diagonal elements of the tensor on the left side do not
vanish identically; they are :
Rtt + ΛB(r) + λ

 −B′(r)2
r2A(r)2 B(r)
−
{
A(r)B′(r)2 + B(r)
[
A′(r)B′(r) − 2A(r)B′′(r)
]}2
8A(r)4 B(r)3

 , (4)
Rrr − ΛA(r) + λ

 A′(r)2
r2 A(r)3
+
{
A(r)B′(r)2 + B(r)
[
A′(r)B′(r) − 2A(r)B′′(r)
]}2
8A(r)3 B(r)4

 , (5)
Rθθ − Λ r
2 +
λ
2A(r)4
[
4
[
A(r) − 1
]2
A(r)2
r2
+A′(r)2 +
A(r)2 B′(r)2
B(r)2
]
, (6)
Rφφ − Λ r
2 sin2 θ +
λ sin2 θ
2A(r)4
[
4
[
A(r) − 1
]2
A(r)2
r2
+A′(r)2 +
A(r)2 B′(r)2
B(r)2
]
; (7)
we call these expressions (tt), (rr), (θθ), and (φφ) respectively. The nonvanishing compo-
nents of the Ricci tensor Rµν appearing here are given by
Rtt =
B′′(r)
2A(r)
−
A′(r)B′(r)
4A(r)2
−
B′(r)2
4A(r)B(r)
+
B′(r)
r A(r)
,
Rrr = −
B′′(r)
2B(r)
+
A′(r)B′(r)
4A(r)B(r)
+
B′(r)2
4B(r)2
+
A′(r)
r A(r)
,
Rθθ = 1−
1
A(r)
+
r A′(r)
2A(r)2
−
r B′(r)
2A(r)B(r)
,
Rφφ = Rθθ sin
2 θ .
Right away, we see that we can disregard the (φφ) component of (2) as redundant, leaving
three equations for us to solve. Through (2), (4), and (5) we also see that
O(λ2) =
(rr)
A(r)
+
(tt)
B(r)
=
A′(r)B(r) +B′(r)A(r)
r A(r)2B(r)
+ λ
A′(r)2B(r)2 −B′(r)2A(r)2
r2A(r)4B(r)2
. (8)
At this point, we move from the general metric (3) to a more specific form. The de Sitter–
Schwarzschild metric8
ds2 = −
(
1−
2MG
r
−
Λ r2
3
)
dt2 +
(
1−
2MG
r
−
Λ r2
3
)
−1
dr2 + · · · (9)
solves (2) to zeroth order in λ ; we seek a static, isotropic solution to (2) correct to first
order in λ . This must thus have the form
ds2 = −
[
1−
2MG
r
−
Λ r2
3
+ λ b(r)
]
dt2 +
[
1−
2MG
r
−
Λ r2
3
+ λ a(r)
]
−1
dr2 + · · · (10)
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which amounts to setting
B(r) = 1−
2MG
r
−
Λ r2
3
+ λ b(r) and A(r) =
[
1−
2MG
r
−
Λ r2
3
+ λ a(r)
]
−1
(11)
in (3) . Plugging these into (8), we find that the second term on the right can be dropped
since
λ
A′(r)2B(r)2 −B′(r)2A(r)2
r2A(r)4B(r)2
= O(λ2) .
Thus to enforce (8) we must set
A′(r)B(r) + A(r)B′(r) = O(λ2) , whence A(r)B(r) = 1 + λ k +O(λ2) . (12)
We have written the constant of integration as 1 + λk , i.e. as unity to zeroth order in λ ;
this comes by direct calculation using (11) or by requiring spacetime to be asymptotically
Minkowskian. Now, (11) and (12) imply that
b(r) = a(r) + k
(
1−
2GM
r
−
Λ r2
3
)
. (13)
With this relationship between b(r) and a(r) enforced, the (tt) component of (2) is simply a
consequence of the (rr) component. We are thus left with just the (rr) and (θθ) components
of (2) as independent equations. Beginning with the (θθ) equation, we use (11) and (13) in
(6) which yields
r a′(r) + a(r) =
12G2M2
r4
+
2Λ2 r2
3
with solution
a(r) =
c
r
−
4G2M2
r4
+
2Λ2 r2
9
, (14)
keeping the constant of integration c arbitrary for now. Through (13) this determines
b(r) =
c
r
−
4G2M2
r4
+
2Λ2 r2
9
+ k
(
1−
2GM
r
−
Λ r2
3
)
(15)
which should conclude the calculation. However, we must check to see whether this solution
is consistent with the equation (rr) = 0 . Plugging (11) into (5) using (14) and (15) gives
(rr) =
36 λ
r4
(
GM
r
)2 (
1−
2GM
r
−
Λ r2
3
)
−1
6= 0 .
It thus appears we have an inconsistent system of differential equations. Notice the incon-
sistency disappears in the classical limit as λ→ 0 .
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III. ANALOG TO BIRKHOFF’S THEOREM
We can push this result a step further by proving that, in fact, no isotropic solution of
(2) exists, dropping the static condition. We do this by showing that any isotropic solution
of (2) must necessarily be static. That is, we prove an analog of Birkhoff’s theorem for this
modified theory of gravity.
The most general isotropic metric can be written
ds2 = −B(r, t) dt2 + A(r, t) dr2 + r2 dθ2 + r2 sin2 θ dφ2 .
Since we know that Birkhoff’s theorem9 holds true to zeroth order in λ (presence of Λ does
not disrupt the proof), any isotropic solution to (2) can be written as
ds2 = −
[
1−
2M G
r
−
Λ r2
3
+ λ b(r, t)
]
dt2 +
[
1−
2M G
r
−
Λ r2
3
+ λ a(r, t)
]
−1
dr2 + · · · ;
this defines A(r, t) and B(r, t) more specifically. Plugging this metric into the left side of
(2) gives some nonvanishing off-diagonal components, e.g.
O(λ2) = (tr) = −
λ a˙(r, t)
r
(
1−
2GM
r
−
Λ r2
3
)
−1
;
here a dot denotes differentiation with respect to time and a prime differentiation with
respect to the radial coordinate. This equation is very convenient, as it implies a = a(r)
and A = A(r) , thus simplifying remaining equations. Now expanding
O(λ2) =
(tt)
B(r, t)
+
(rr)
A(r)
=
λ
r
(
1−
2GM
r
−
Λ r2
3
)
−1 { [
a′(r)− b′(r, t)
] (
1−
2GM
r
−
Λ r2
3
)
+
[
a(r)− b(r, t)
] (2GM
r2
−
2Λ r
3
) }
we arrive at the equation
A′(r)B(r, t) + A(r)B′(r, t) = O(λ2) ;
this implies A(r)B(r, t) = f(t) , for some function f of t. But no matter the functional form
of f(t), through a change of coordinates in which
dt′ = dt
/
f(t) ,
this function may be absorbed into B(r, t) . Let us assume we began the calculation in such
a coordinate system (so we can avoid an overflow of new symbols) ; we are then left with
A(r)B(r, t) = const. This can only hold when B = B(r) , leaving us with a static field.
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IV. CONCLUSION
We have shown that the dilaton-free stringy modification to Einstein’s field equations
admits no isotropic solution. Physically, this result is somewhat surprising. Indeed, Ein-
stein’s field equations do admit an isotropic solution, but upon perturbation by the small
term λRµκρτ R
κρτ
ν , which does not pick out a preferred direction in spacetime, the solution
disappears instead of being perturbed. However, mathematically this is not such a great
surprise: we attempted to solve a set of three differential equations with two unknown func-
tions. In classical gravity, one can plug the general metric (3) into Rµν−Λ gµν = 0 and find
the de Sitter–Schwarzschild solution. In that case, after determining that A(r) = 1/B(r)
(i.e. our equation (12) with λ set to zero), one can determine that
(
Rrr − Λ grr
)
−
1
2 r B(r)
d
(
Rθθ − Λ gθθ
)
dr
= 0 ,
reducing the number of independent equations to two. In our problem, if we plug
A(r) =
1 + λ k
B(r)
from (12) above into (5) and (6) we find that
(rr)−
1
2 r B(r)
d(θθ)
dr
=
λ
2 r4B(r)
{
4 + 4B(r)2 + 2 r2B′(r)2 − 4B(r)
[
r B′(r) + 2
]
− k r4B′′(r) + r4B′′(r)2 − 2 r B′(r)
[
r2B′′(r) + k r2 − 2
]}
,
which does not vanish but is of order λ . In contrast to the classical problem of determin-
ing an isotropic solution to Einstein’s equations, our system in the perturbed problem is
overdetermined. This problem is eliminated if the dilaton field is allowed in the equations.
The first-order correction to Einstein’s vacuum field equations, including the necessary
dilaton-graviton coupling, are2
Rµν + 2∇µ∇ν Φ + λRµαβγ R
αβγ
ν = O(λ
2) ,
Φ− (∇Φ)2 +
1
4
R +
1
8
λRαβγδ R
αβγδ = O(λ2) .
These equations have been studied extensively, and their static isotropic solution is known2:
Φ = −
2Gm
3 r3
−
1
2 r2
−
1
2Gmr
,
ds2 = − B(r) dt2 + A(r) dr2 + r2 dθ2 + r2 sin2 θ dφ2 ,
6
with
B(r) =
(
1−
2Gm
r
) [
1−
2λ
r2
(
23 r
24Gm
+
11
12
+
Gm
r
)]
,
A(r) =
(
1−
2Gm
r
)
−1
[
1−
2λ
r2
(
r
24Gm
+
7
12
+
5Gm
3 r
)]
;
obviously, we cannot set Φ = 0 to get a sans-dilaton solution. In another paper4 we use this
isotropic solution to compute the corrections string theory predicts to the classical tests of
general relativity.
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